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Abstract 

In this work we examine the effective four-dimensional world that emanates from a general class of static 
spherical Ricci-flat Solutions in Kaluza-Klein gravity in D-dimensions. By means of dimensional reduction we 
obtain a family of asymptotically flat Schwarzschild-like metrics for which all the components of the Ricci tensor, 
except for Än, are zero. Although the reduced spacetime is not empty, it is similar to vacuum in the sense that 
the effective matter satisfies an equation of State which is the generalization of (p + 3p) = for "nongravitating 
matter" in AD. In Kaluza-Klein gravity these Schwarzschild-like metrics describe the exterior of a spherical star 
without rotation. In this framework, we generalize the well-known Buchdahl's theorem for perfect fluid spheres 
whose mass density does not increase outward. Without any additional assumptions, we develop the most general 
expression for the compactness limit of a star. We provide some numerical values for it, which in principle are 
observationally testable and allow us to compare and contrast different theories and exteriors. We find that in 
Kaluza-Klein gravity the compactness limit of a star can be larger than 1/2, without being a black hole: the 
general-relativistic upper limit M/R < 4/9 is increased as we go away from the Schwarzschild vacuum exterior. 
We show how this limit depends on the number of dimensions of spacetime, and demonstrate that the effects of 
gravity are stronger in 4D than in any other number of dimensions. 
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1 Introduction 



The coneept of black holcs in the context of general relativity theory arises with the well-known Schwarzschild Solution, 
which aecording to Birkhoff 's theorem is the most general spherically Symmetrie, asymptotically flat, vaeuum Solution 
of the Einstein field equations. It describes the gravitational field outside an isolated spherical, non-rotating mass 
or black hole. For a perfect fluid sphere with a mass density which does not increase outwards, Buchdahl [1] showed 
that the ratio of its gravitational mass M to the coordinate radius R satisfies the inequality GM/R < 4/9, i.e. under 
these conditions no static spherically Symmetrie star is possible in general relativity with a radius less than 9/8 of 
the Schwarzschild radius Rschw = 2GM. By definition, any non-rotating and non-charged mass that is smaller than 
the Schwarzschild radius (horizon) constitutes a black hole. 

Nowadays there are a number of non-equivalent theories that suggest the existence of extra dimensions. Kaluza- 
Klein gravity [2]- [4] and braneworld theory [5]- [8] are well known examples. The study of stellar strueture and stellar 
evolution might constitute an important approach to predict observable effects from extra dimensions. However, 
there is a fundamental limitation. Namely, that Birkhoff's theorem is no longer valid in more than four dimensions, 
i.e. there is no an unique asymptotically flat vaeuum Solution with spatial spherical symmetry. As a consequence, 
the effective picture in four dimensions allows the existence of different possible non-Schwarzschild scenarios for the 
description of the spacetime outside of a spherical star [9]-|21j. 

Therefore, the study of stars in these theories leads to two main questions [22] : 

1. How does the existence of stars restrict the class of admissible non-Schwarzschild exteriors? 

2. How does a possible deviation from the Schwarzschild vaeuum exterior can affeet the star parameters? 

In a recent series of papers we have investigated different aspects of these questions. In the framework of five- 
dimensional Kaluza-Klein gravity, without making any assumption about the stellar strueture, we have shown that 
the condition that in the weak-field limit we recover the usual Newtonian physics Singles out an unique effective 
exterior for a spherically Symmetrie star [22], [23]. On the other hand, in the framework of Randall-Sundrum II 
braneworld scenario, without making any assumption about the bulk, or the material medium inside the star, we 
have proved that for any nonstatic spherical star, without rotation, there are only two possible static exteriors; these 
are the Schwarzschild and the 'Reissner-Nordström-like' exteriors [24. This is quite distinet from the case of stars 
in hydrostatic equilibrium which admit a much larger family of non-Schwarzschild static exteriors. 

We have also studied the second question mentioned above in the context of static, perfect fluid, spherical stars 
of uniform density [22], |25j . We have shown that, in principle, the compaetness limit of such a star can be larger 
than 1/2, without being a black hole . In this work we generalize this result to any static spherical perfect fluid star 
in Kaluza-Klein gravity. 

Thus, here we get rid of the unrealistic assumption of uniform density, but keep the isotropy conditiorQ. The 
generalization is attained by using an extension, to more than four dimensions, of an inequality originally discovered 
by Buchdahl 1 . This inequality and the matching conditions allow us to obtain the compaetness limit of a star 
for any given exterior spacetime. This limit is important because it indicates how much perfect fluid matter can be 
packed in a given volume, without provoking gravitational collapse. Here we develop the most general expression for 
this limit and provide some numerical values for it, which in principle are observationally testable and allow us to 
compare and contrast different theories and exteriors. 

This paper is organized as follows. In section 2, we derive and analyze a general class of static, spherical 
vaeuum Solutions in Kaluza-Klein gravity in Z?-dimensions, where the metric funetions are independent of the extra 
coordinates. They generalize some well-known Solutions in the literature as the Schwarzschild- Tangherlini spacetimes 
and other ones with spherical symmetry in the three usual Space dimensions. In section 3, we carry out the dimensional 
reduetion of the Solutions. We obtain a family of asymptotically flat Schwarzschild-like metrics for which all the 
components of the Ricci tensor, except for Rh, are zero. In section 4, we use them to construet the spacetime outside 
of a spherical star. In this framework, we generalize the well-known Buchdahl's theorem for perfect fluid spheres 
whose mass density does not increase outward. Without any additional assumptions, we show that the compaetness 

1 Is important to emphasize the role of isotropic pressurcs, because for anisotropic pressures there is no upper bound on the gravitational 
Potential of a star. See [26] ■ [27j and references therein. 
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limit of a star in Kaluza-Klein gravity can be larger than 1/2, without being a black hole: the general-relativistic 
upper limit M/R < 4/9 increases as we go away from the Schwarzschild vacuum exterior. Our results are consistent 
with our previous findings and show that, as in general relativity, all these inequalities can be saturated in the case 
of uniform proper density from the condition that the isotropic pressure does not become infinity at the center. In 
section 5 we summarize our results. Finally, in the Appendix following our previous work |28) we present some general 
inequalities for the metric functions in the inferior of a static star, which extend to D-dimensions those obtained by 
Buchdahl. 



2 Static spherical vacuum Solutions in Kaluza-Klein gravity 

In five-dimensional general relativity the most general time-independent vacuum Solutions, with spherical symmetry 
in the three usual Space dimensions and a Killing vector in the fifth direction, have been found and classified by 
Chodos and Detweiler [29] . The physical properties of these Solutions with zero electric Charge have been discussed 
by a number of authors [3], [3Ö]-[3Ü]. Although they are frequently described as black holes, many researchers have 
noticed that instead they represent naked singularities because the event horizon is reduced to a singular point at 
the center of ordinary space |4üj-|43). Truly higher dimensional extensions of the Schwarzschild black hole metric 
have been obtained by Tangherlini [33] and generalized by Myers and Perry [35], who considered spacetimes with 
spherical symmetry in (D — 1), rather than three spatial dimensions. 

In this work we consider static spacetimes with topology R 1 x S n+3 x K m , where R 1 corresponds to the time 
dimension and K m is a m-dimensional manifold. The D — (4 + n + to) metric is assumed to be independent of the 
(n + to) extra coordinates and in isotropic coordinates can be written aa^ 



dS 2 = A 2 {r)dt 2 - B 2 {r) 



dr l 



C 2 (r)S ab dy a dy b . 



(1) 



Here n and to represent the number of "internal" and "external" dimensions, respectively; dQ^+n) is the metric 
on a unit (n + 2)-sphcre (n = 0,1,2..); the coordinates along the external dimensions are denoted as y a,h with 
a, b = 1, 2. ..to. These spacetimes generalize the ones discussed by Kramer [47], Davidson and Owen [48], Chatterjee 
[32] , Millward [31] , Dereli [30] , Tangherlini [33] , as well as the non-rotating black holes of and Myers and Perry [35] . 

Notation: Bcfore going on, it is useful to establish our notations and Conventions: Indices labeled by Latin capital 
letters A, B run over the füll D = (4 + n + m) space; indices labeled by ß, v run over the (4 + n) subspace and 
the metric is called 7jy> ; the indices in the conventional spacetime, with signature is (+, —,—,—), are labeled \i,v = 
(0, 1, 2, 3); primes denote differentiation with respect to r; we follow the definitions of Landau and Lifshitz [50]; and 
the speed of light, as well as the gravitational constant are taken to be unity. 

The metric functions in ([1]) are Solutions of the vacuum Einstein field equations Rab = 0. The non-vanishing 
cquations are 



A" . ^.B' n 



C 

TO— = 0, 



(2) 



A" , B" C" B' 



+ 2 A' , B' 

T" n + 2 "R 

r A B 



B" B' 
l3 + l3 



2n + 3 A' 
r A 



B' 

l — — 

B 



C 

l c 



A[_ 

T 



c 



c 



A' . ^B' n + 2 . C" n 



2 A more general line element is studied in I46| . 



0, 



0. 



(3) 
(4) 
(5) 
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which correspond to Rq — 0, R\ — 0, R 2 = ... = i?™^ = an d R-a = 0' respectively. Now combining and ([5]) 
we get an equation that can be easily integrated, viz., A' j A = —k C'/C, where k is a constant of integration. Thus, 
A oc C~ h and oc C k+1 ~ m /r n+2 C , Substituting into ((U) we obtain an equation for C(r), whose Solution is 

<*•>-«, ^±iy, <6) 



r n+l _ J 

where a, Co are constants of integration and er is subjected to the condition 

er 2 [(n + 2)k 2 - 2km + m(m + n + 1)] = n + 2, (7) 
which is imposed by ([3]). The final form of the remaining metric funetions is given by 

/ nr n+l _ 1 \ ak 1 f fl _7l+X l iw(fe-m)+l 

lar" +1 + l/ ' fl 2 r 2(n+l) ( ar n+l _ jW()!-ro)-l ' V ' 

We will see bellow that the constant a is related to the total gravitational mass. Therefore, in what follows we 
take a > 0. Also, without loss of generality we set Co = 1. In the case where D = 5 with n = and m — 1, ([7]) 
reduces to a 2 (k 2 — k + 1) = 1 which is the consistency condition in Davidson-Owen Solution [48j . 

In the above equations is an arbitrary real number, i.e. 

— oo < k < oc, (9) 
and, as a consequence of (0, er is bounded from bellow and above. Namely, 

«.-1-2 

(10) 



y/m(n + l)(n + m + 2) 

where the maximum value is attained at fc = m/(n + 2). Thus, the ränge of er decreases, moving closer to zero, with 
the increase of m. Therefore, for any fixed n the effects of the external extra dimensions (measured by the deviation 
of er from zero) become weaker with the increase of m. Also, for m = 1, a max steadily decreases with the increase of 
n. However, for m > 1 this is not so. Indeed, in this case a max first decreases and subsequently increases with the 
increase of n. As an Illustration, let us take 



m= (1,2,5,7,11), 

then 

n = 0, |er| < (1.15, 0.71, 0.34, 0.25, 0.17), 
n=l, \a\ < (1.06, 0.67, 0.34, 0.25, 0.17), 
n = 5, |er| < (1.01, 0.67, 0.37, 0.29, 0.20). 

The behavior of the metric funetions near ar n+1 ~ 1 depends on the choice of er and k. For example, when er > 
we find that B — > as ar n+1 — >• 1 + , in the whole ränge of k. However, when er < the same limit gives: (i) B — > oo 
for k < (m - l)/2, (ii) B -> for fc > (m - l)/2, and (iii) S -> 2 2 /( n+1 ) for k = (m - l)/2. In addition, for ct > 0, 
fc > we find that A — s> 0, ß — s> 0, C — > oo as ar" +1 — >• 1 + for any number of dimensions n and m. Consequently, in 
the allowed ränge of er and k, there are several families of Solutions with different geometrical and physical properties. 
For n = and m = 1, these have been thoroughly discussed in the literature [38], [39] . 

A simple Classification of the Solutions can be obtained from the analysis of the physical radius R(r) of a (n+ 2)- 
sphere. In the present case it is given by 

i/(n+i) 

(11) 



R(r) = rB(r) 



1 (ar n+1 + iy( k - m )+ 1 

a 2/(n+l) r ( ar n+l _ l\a{k- m)-l 
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For ar n+1 >1, fi«r, regardless of the number of dimensions and the choice of er and k. However, near ar n+1 
we find 



lim R(r) 

ar"+ 1 -yl + 



0, for er > 0, — oo < k < oo, and er < 0, k > (m — l)/2, 
oo, for er < 0, — oo < k < (m — l)/2, 



(12) 



<4\ 



for (7 — 0, and a < 0, fc = (m - l)/2. 



For the parameters er, A: in the first expression of (|12j) we cannot Interpret (J6J) — (jSj) as a black hole Solution because 
the "event horizon"[f| ar n+1 — 1 occurs at R = 0, which by itself is a Singular point, line, plane. ..for m — 0, 1, 2.. etc. 
The second expression in (fl~2"|) is a consequence of the fact that dR/dr vanishes at some finite value of r, say f. Since 
Rmin = R{f) > 0, the Solutions with er < 0, k < (m— 1)/2 can be used to generate the higher dimensional counterpart 
of the wormholes Solutions discussed by Agnese et al [34J. The Solutions with er = and er < 0, k = (m — l)/2 are 
specially simple because now k and er are fixed. Bellow we discuss them separately. 



Solutions with er = 0: In the limit er — > 0, from (0 it follows that cr 2 /c 2 — > 1. If we take ak = 1, then 

-«+1-1 „ n+1 _ («7-+ 1 + l) 2 



A(r) = 



(r) = 



(13) 



ßr n+l + ^' V ; ß 2 r 2(ri+l) ' 

Far away from a stationary source goo ~ (1 + 20), where 4> is the Newtonian gravitational potential which goes as 
—M/r n+1 . Therefore, in the present case the total gravitational mass M is given by 



(If we had taken ak 



M =-. 
a 

T, we would have obtained a negative mass, viz., M 

„+1 , -,l2/(r l+ l) 



(14) 



-2/o). With the transformation 



R 



ar" 



1]' 



a 2/(n+l) r 



the Solution becomes 



dS z 



1 



2M 



e/f 2 



1 



2Af 



dR 2 - R 2 dü\ n+2) - S ab dy a dy\ 



(15) 



(16) 



which, up to the innoeuous m flat extra dimensions, describes the so-called Schwarzschild- Tangherlini black holes 
with spherical symmetry in (n + 3) rather than three spatial dimensions. The radius Rh of the horizon of the black 



hole is given by Rh = (4/a) 1 ^ n+1 \ which in isotropic coordinates corresponds to 
they reduce to the conventional Schwarzschild Solution of general relativity. 



ar 



n+l 



1, as expected. For n = 



Solutions with er < 0, k = (m - l)/2: Substituting k = (m- l)/2 into (0) we find er = — 2/(m+ 1). To illustratc 
the properties of this class of Solutions let us momentarily take n — 0, m — 2. For this choice, using <j6j)— (JSj) we obtain 



dS 2 = 



1 



1 



2/3 



dt 2 



{ar + l) 4 



dr 2 



l dü 



(2) 



dy 



(17) 



The Interpretation of this metric is difficult because far from the origin goo ~ [1 + (4/3ar)], which implies a negative 
mass parameter, viz., M = — (2/3a). However, using a double Wiek rotation t — > iyi, y\ — > we generate a Solution 
of the field equations with positive mass. Namely, 



dS 2 



ar — 1 



ar - 



1 



4/3 



dt 2 - 



(ar + l) 4 



dr 2 



(2) 



1 



1 



2/3 



dyl- 



l 



l 



4/3 



dy 2 , 



(18) 



3 For black holes in general relativity, the event horizon is defined as the surface where the norm of the timelike Killing vector vanishes. 
In our case the Killing vector is just (1, 0, 0, ....0) so its norm vanishes where goo does. 
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for which M = (4 /3a). Using the transformation of coordinates aR = [(ar + l) 2 /ar] this metric becomes 

V Ä ) (1 - 3M/Ä) (2) (i _ 3 M/i?) 1/3 V Ä / 2 ^ ^ 

We see that gxT — and = — oo at R = 3M . However, this is not a horizon but a singularity. This may be verified 
by evaluating the invariant geometric scalars. For example, the Kretschmann curvature scalar / = RabcdR ABCD is 

_ 12M 2 (9i? 2 - 52RM + 76M 2 ) 

~ (R - 3A/) 2 i? 6 ' ( } 

which is manifestly divergent at R = SM. The above analysis can be extended to any n and m. The result is that 
the line element (fTÜ|) is a member of the family of Solutions 



dS 2 = F 2 ' {m+ ^dt 2 - F~ 1 dR 2 - R 2 dü 2 n+2) 



F = 1 



F (l-m)/(l+m) dy 2 _ F 2/(m + l) ^ y 2 + dy 2 + + rfy 

(m + 1)M 



mj ) 



(21) 



R n+l 



(22) 



These are sing ular at R = [(m + l)Af] 1/(,i+1) for any m ^ 1. However, for m = 1 they yield Schwarzschild- Tangherlini 
spacetimes with one hat extra dimension. It is important to note that (|16| and (|21ß are the onZy Solutions for which 
<7tt = and gRR = —oo in the same region of the spacetime. In fact, from ((HJ and (fTTj) it follows that 



B 2 {r)dr 2 



Thus, in gener al gRR — > as ar^ n+1 ) 
limit, i.e. for 



[ a 2 r 2(n+l) _ X ] 2 dR 2 



-gRRdR 



(23) 



[ a 2 r 2(n+l) + 2cr ( m _ fc) ar a(n+l) + l] 

— >• 1 + , except in the case where the denominator in (|23f also vanishes in this 



1 + cr(rn - fc) = 0. 



(24) 



This occurs in two cases only: (i) er = 0, (erfc = 1) which corresponds to Schwarzschild- Tangherlini's spacetimes, and 
(ii) a(k — m) — 1, which by virtue of ([7]) implies k = (m — l)/2 and thus generates the family (|2ip - (|2"2"|) . 

To conclude this section, we notice that for k — the Solution ((6j)-([8]) generalizes the well-known zero-dipole 
moment soliton of Gross and Perry |53] to any number of internal dimensionfjj. As an illustration, let us take m = 1, 



dS 2 = dt 2 



„n+l 



4/0+1) 



dr 2 



■ r 2 dn 2 (n+2) 



„n+l 



„n+l 



dy 2 . 



(25) 



We note that here a does not have to be positive. If we assume a 
t iyi, yi it, then we obtain the metric 



-a 2 < and perform a double Wiek rotation 



dS 2 



1 



1 + a 2 r n+1 



dt 2 



1 



v 2 r n+l 



4/(n+l) 



dr 2 



r 2 dü 2 n+2 ^ 



dyf, 



(26) 



which after a simple coordinate transformation reduces to (|16l) with mass parameter M = 2/a 2 . This suggests that, 
as in 5D, the above (4 + n) metrics represent limiting configurations that are unstable to metric perturbations |39j . 



4 A gcncralization of Schwarzschild- Tangherlini's spacetimes to a chain of several Ricci- fiat internal Spaces has been obtained in |51| . 
In turn, those generalized Solutions are extended to include a massless scalar field in 1521 . 

5 To avoid a misunderstanding we note that the Kaluza-Klein monopole of Gross, Perry and Sorkin | 54 | does not belong to the class 
of spacetimes investigated here. 
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3 Dimensional reduction 



The class of Kaluza-Klein Solutions discussed in the previous section clearly demonstrates the wealth of possible 
physical scenarios in higher dimensions. In order to study their observational implications, and test possible deviations 
from general relativity, we have to examine the effective four-dimensional world that emanates from them. Thus, 
we consider the case where n — 0, which physically corresponds to spherical symmetry in the three usual spatial 
dimensions. For the sake of gener ality, we also discuss the dimensional reduction for n^O. Also, at the end of this 
section, we discuss some similarities and differences between spacetimes with different n. 

To this end, we recall that the dimensional reduction of R(d) > the curvature scalar associated with the metric 



dS 2 = lß „{x)dx»dx 1 ' - J2 N?(x)dyf, 



(27) 



can be expressed as 



\9(D) \ R 



(D) 



\gf)\ 1: >' 



(4) 



other terms, 



(28) 



where i?( 4 ) is the four dimensional curvature scalar calculated from the effective AD metric tensojf] 



9 eS 



iß» 



(29) 



i=i 



and denote the determinants of the £>-dimensional metric (|2"7} and effective AD metric (|29p . respectively, 
and the "other terms" are proportional to the Lagrangian of an effective energy-momentum tensor (EMT) T ßl/ in 
AD. If we use the fact that the metric functions satisfy the field equations Rab = 0, then we obtain a nice expression 
for |2l, viz., 



R 



(4) 



o=l 



d^Ngd^Na 

N 2 



-.mm 

^EE 



N a ) \ N h ) 



(30) 



o=l b=l 

Here D — A + m and m > 1. It shows that the choice of the factor YiiLi m Pffi assures that the first term in (|3"Ü)l 
yields the conventional general relativity action. In the case under consideration Ni = C(x). Therefore, the physics 
in AD can be extracted from the four-dimensional effective action 



S, 



(4) 



~ / <l'.v 

K4 



a eS \ 

5(4) 



R 



(4) 



m 

"' 1 1 + ~2 



d ß C ffl'C 
C 2 



(31) 



where ki is a positive constant. From the variational principle, SS^ = 0, we get the effective equations in AD, viz., 



R„ 



1 m(m + 2) 

2 9ß " ~ 2C 2 



d ß C d v C - -g^d a C d a C 



8ttT„ 



(32) 



Here g ßU = gf~, and R ßv as well as R are calculated with g ßu . 



Thus, for the Kaluza-Klein metric (|T|), ©, ©, with n 
element 



0, the physics in AD is concentrated in the effective line 



ds 2 



with 



1 



2 s 



dt 2 



1 (ar + l) 2(E+1) 



a 4 r 4 ( ar - l) 2 ^- 



TT [* 



e = 



er(2fc — m) 



r 2 dü 2 



(33) 



(34) 



6 For the effective action in 4Z3 to contain the exact Einstein Lagrangian, i.e. to deal with a constant effective gravitational constant, 
should be identified with the physical metric in ordinary AD spacetime [2], 1481 . |55| . 
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The effective AD energy-momentum tensor can be calculated by substituting (|33[) into the l.h.s of 
it is easier to use the r.h.s., viz., 



However, 



o m(m - 

8nT ° = ÄB^C' 



2) 



1F> ' 1 " °' 



r| = t| = t °. 



Taking £? and C from ©, © and using the condition ([7]), wc find 

n0 _ 4a 6 r 4 (l -e 2 )(ar - 1) 2 (^2) 



8vrT n u 



(ar + 1)2(^+2) 



(35) 



(36) 



It should be noted that for an observer in 4D, who is not aware of the extra dimensions, e is a free parameter in the 
Solution and measures the deviation from Schwarzschild. 

The line element (|33j) acquires a more familiär form in terms of the Schwarzschild-like coordinate R defined by 



R=r 1 



1 



and setting a — (2/sM). Indeed, (|33l) becomes 



ds z 



2M/e 
R 



dR 2 



1 - 



2M[s 



R Z 1 



2M/e 
R 



(37) 



(38) 



This AD metric has been obtained previously by the present author in the context of Davidson-Owen Solutions [48] 
(these correspond to m — 1). This means that the effective metric in AD is independent of the number of external 
extra coordinates. It "generalizes" the Schwarzschild vacuum metric (e = 1), and has been widely discussed as 
a possible non-Schwarzschild exterior for stellar models within the context of Kaluza-Klein gravity [22]-[23 . We 
have shown that (|3"5|) is compatible with (i) Newtonian physics, in the weak-field limit; (ii) the general-relativistic 
Schwarzschild limit for e = 1; (iii) the dominant energy condition, and (iv) the (weak) equivalence principle, even in 
the non-Schwarzschild case where e ^ 1. 
In terms of R the EMT becomes 



87rT n u 



(1 - e 2 )M 2 



1 



2M/s 
R 



(s-2) 



n 



~-L n 



(39) 



Since (T° 



o — T-j 1 — Tf — T| ) = 0, this spacetime is 'similar' to Schwarzschild vacuum in the sense that it has no effect 
on gravitational interactions. However, it is more realistic because instead of being absolutely empty Tg = = 
T| = T3 = 0, it is consistent with the existence of quantum zero-point fields [56]. It is not difficult to show that 
(|38]l and (|39| are equivalent to the static, spherically Symmetrie Solution of the coupled Einstein-massless scalar field 
equations originally discovered by Fisher |57j and rediscovered by Janis, Newman and Winicour |58) . 



3.0.1 Dimensional reduetion for n > 

Although from an observational point of view the models with n > might not be of prime concern, it is of theoretical 
intcrest to study how the physics depends on the number of internal dimensions. 

It is not difficult to verify that g|? the effective metric in D — (4 + n) , is obtained from 7^ as 

fl$F = 7A* \[Nf n \ ff(») = r^- (40) 

. .. Tb -\- £ 

2—1 

Similar to the discussion leading to (f3"Ül) . with this choice the dimensional reduetion of the m external dimensions 
yields 
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\J\9(D)\ R{D) oc \j\glf +n) \ 



d,,Cd^C 



R(i+n) + constant x 



(41) 



where the constants depend on the choice of n and m. In this way, the gravitational action has the Standard form 



>(D) 



R 



(42) 



in any number of dimensions. 

In the case undcr consideration g$ = C 2m ^ n+2 ^A 2 , gff = ^c 2m ^ n+2 ^>B 2 , gf§ = -C 2t "/(»+ 2 ) B 2 r 2 etc. Thus 
the effective gravity in 4 + n is governed by the line element 



ds 2 = 



ar 



n+l 



ar 



n+l _)_ i 



2f 



dt - 



1 



(ar n+1 + 1) 



2(e+l)/(n+l) 



where 



( ar n+l) 4 /(«+l) ( ar n+l _ 1 )2(e-l)/(n+l) 

_ <r[(n+ 2)A; - m] 



dr 2 + r 2 dft 2 



(n+2) 



n + 2 

From the asymptotic behavior of the metric we get the total mass 

2s 



M 



Now, introducing the Schwarzschild-like coordinate 

R = r(l 

the metric becomes 



r n+l 



2/(n+l) 



ds 2 



1 



2M/e 
R n+1 



dt 2 



1 



2M/e 
R n+1 



-(n+e)/(n+l) 



dR 2 -R 2 [l 



2M/e 
R n+1 



(l-e)/(„+l) 



dü 



(n+2) ■ 



(43) 
(44) 

(45) 
(46) 

(47) 



For n = we recover (|38[) . Also, for n ^ and e = 1 it reduces to the Schwarzschild- Tangherlini black hole 
Solutions (fl6|) . For any other e the effective (4 + n) spacetime is not empty. In fact, the EMT is given by 



(n + l)(n + 2)(l- £ 2 )Af 2 / 2M/e\ ^~ n ~ 2)/( " +1) t 2 3 +3 

8?rJ - 2 £ 2 R 2{n+2) { R^J ' ^---Lv J 2 - J 3 -•••- J n+3 -^0, ( 48 ) 

which can be interpreted as a massless scalar field in (4 + n) dimensions. For n — it reduces to (|5Ü|) . as expected. 
3.1 Properties of the effective spacetimes 

It should be noted that the dimensional reduction eradicates the geometrical and physical differences between the 
three families of higher-dimensional Solutions discussed in (|12j) . In particular, the effective (4 + n) spacetime shows no 
evidence of the different nature of the singularity of gna near ar n+l = 1, which is revealed by (|23j) . Thus, regardless 
of their specific properties, all the Solutions discussed in section 2 yield the same effective spacetime in (4 + n). 
From (|4"5|) we find that the components of the EMT satisfy the equation 

T=(n + 2)T °. (49) 

Substituting this into (IA-1[) we find that the effective spacetimes satisfy the equations 

R% = Rl = Rl = ■ ■ ■ = RZ+l = 0, R\ = WnTl . (50) 
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We now recall that in the case of a constant, asymptotically flat, gravitational field there is an expression for the 
total energy of matter plus field, which is an integral of Rq over the volume V occupied by the matteiQ [50] , viz., 
M = a f yf\g\RQdV , where the constant of proportionality a depends on the number of dimensions, e.g., a = 1/4-77 
in AD. In conventional general relativity this expression is known as the Tolman-Wittakcr formula. 

Since Rq = 0, it follows that the gravitational mass of any spherical shell is just zero. This conclusion holds for 
any n and e, which include the Schwarzschild- Tangherlini black holes, as well as the familiär Schwarzschild Solution 
of general relativity. Clearly, this is a consequence of the fact that the scalar field is massless. 

We note that 



R° = p + p r + (n + 2)p ± = 0, Pr = -Tl 



V- 



= -T, 



2 I 



(51) 



generalizes to n dimensions the well-known equation of State (p + p r - 
which in turn generalizes to anisotropic matter the equation of State (p 
on gravitational interactions |59j-[61|. 

Finally, we note that at large distances from the origin, i.e. for R 3> (2M) 1 ^ 



2p j_) = for nongravitating matter in AD, 
3p) = for a perfect fluid that has no effect 



the line element (l47l) becomes 



ds = dsn 



2M 

R n + l 



e(n+l) 



R 2 , 



e(n+ 1) 




(52) 



The second term represents a small correction to the Minkowski metric ds 2 in (4 + n). Since at large distances from 
the sources every field appears centrally Symmetrie, it follows that f|52[) determines the metric at large distances from 
any System of bodies |50) . For e = 1 the correction is identical to the one in general relativity, for any n. However, 
this is not so for e ^ 1. This could serve in astrophysical observations to detect possible deviations from general 
relativity. 



4 Physical interpretation 

The metric of the effective spacetime (|43|) contains a singularity at ar n+l — 1, which, in principle, can be visible to 
an external observer. Only in the Schwarzschild- Tangherlini limit (e 1) it is covered by an event horizon; for any 
other value of e the horizon is reduced to a Singular point. 

However, the presence of naked singularities makes everybody uncomfortablc and aecording to the cosmic censor- 
ship hypothesis they should not be realized in nature. In order to avoid them, we have to exclude the central region 
and require ar n+1 > 1. What this suggests is that the asymptotically flat metric (|4"3")l should be used to describe the 
gravitational field outside of the core of a spherical matter distribution. The "inferior" region has to be described 
by some Solution of the field equations, which must be regulär at the origin and not necessarily asymptotically flat. 

In this interpretation, the effective exterior is not Ricci-flat (I5Ü1) . except for e = 1. However, we have just seen 
that the exterior scalar field is gravitationally innoeuous, in the sense that, as in conventional general relativity, any 
shell outside of the source carries zero gravitational mass. 

We now proeeed to investigate this interpretation. We use the Standard boundary conditions to study the 
question of how a possible deviation from the Schwarzschild vaeuum exterior can affect the star parameters. Instead 
of restricting our discussion to a particular equation of State for the stellar inferior, here we only assume that (1) the 
matter inside the star is a perfect fluid, and that (2) the energy density is positive and does not increase outward. 
Under these conditions we will be able to extend the well-known Buchdahl's theorem of general relativity to stellar 
models in Kaluza-Klein gravity. 

Thus, we assume that the spacetime outside of a spherical body is described by the line element (|47p . which we 
now denote u^H 

ds 2 = e a ^dt 2 - e ß ^dr 2 - r V« dü {n+2) , (53) 

7 In Landau and Lifshitz |50| the discussion is in 4D, however it can be extended to any number of dimensions 

8 Note that the r in H53I I. as well as in the rest of this section, represents what we have previously called 'Schwarzschild-like coordinate', 
e.g., in II47I I and 1 148 I i. Please, do not confuse it with the radial coordinate in isotropic coordinates JTJ. 
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with 



*(r) 



1 



2M/e 



oß(r) 



1 



2M/e 



-(ra+e)/(n+l) 



The interior of a spherical star is assumed to be described by 

ds 2 = e^dt 2 - e x ^dR 2 - R 2 dÜ 



2M/e 

r n-\-l 



(l-e)/(n+l) 



(2+r 



(54) 



(55) 



which is the most general line element describing the interior of a spherical non-rotating star in (4 + n) dimensions. 
The functions e v ^ R ' and are Solutions of the Einstein field equations (|A-1I) . 

The exterior boundary of the star is a hypersurface £ defined as R = Rb, and r = r\, from inside and outsidc 
respectively. Standard matching conditions require continuity of the first and second fundamental forms at £ |62| . 
For the metrics under consideration they demand 



v(Rh) _ e a(r b ) 



- r-, ^(n,)/2 



Rb = ne 



(56) 



and 



e -X(R b )/2 [ ^\ 



dRj 



e -ß(r„)/2 (da} 



\n=R b 



£ -X(R b )/2 = e -ß(r b )/2 



dr J | 
r 2\dr 



n e 



Setting 

from the second equation in (j57) we get 
m(R b ) _ 1 



-HR) 



2m(R) 



Rb 



1 - 



1 - 



n, 



n+l 



1 - 



2<t> g (R 



n+l 



where tf>„ is the surface gravitational potential, viz., 



M 



(57) 



(58) 



(59) 



(60) 



The above conditions require continuity of T/, i.e. the "radial" pressure, across £. We find, 



8irR 2 bP {R b ) 



(n+l)(n + 2)(l-e 



2^2 

g I n b 



2e 2 



2(n+2) 



., _ 2^ (Rb 

n 



( e _„- 2 )/(n+l) 



Buchdahl's limit for e = 1: We note that for e = 1, we recover the Schwarzschild case, i.e., Rb = r b and 

m{R b ) = M, p(R b ) = 0. 
Substituting this into (|A-21[) , after a simple algebra we obtain 

M < 2(n + 2) 



Thus, 



R 



goo > 



(n + 3) 2 



n+l 
n + 3 



(61) 

(62) 
(63) 

(64) 
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For n = (0, 1, 2, 3, 4, 5, 6, 7), i.e. D = (4, 5, 6, 7, 8, 9, 10, 11) we find 



M 



j < (4/9, 0.375, 0.320, 0.278, 0.245, 0.219, 0.198, 0.180), 



5oo > (1/9, 0.250, 0.360, 0.444, 0.510, 0.563, 0.605, 0.640), 



(65) 



respectively. We note that for n = 0, which corresponds to a matter distribution that has spherical symmetry in 
three spatial dimensions (rather than in n + 3), we recover the usual Schwarzschild values as expected. 

An important observational parameter is the redshift Z(R) = l/y/goo{R) — 1 of the light emitted from a point 
R inside the spherc to infinity. For Schwarzschild- Tangherlini's's exteriors Zb, the redshift of the light emitted from 
the boundary surface, is given by 

Z raax < _J_ (66) 

6 ~ n + 1 

Buchdahl's limit for s ^ 1: In this case m(Rb) ^ M and p(Rb) 7^ 0. From the second equation in (1551) we get 

i 2(n+l)/(l-e) 

n 



2 (R b /r b ) 



n+1 



1-1* 



(67) 



Consequently, at the surface of a body 

goo(Rb) = e"<*»> = 



2<ßg (R, 



n 



n+l 



Rb 

n 



2e(n+l)/(X-e) 



(68) 



Substituting ([59 ]) . (|5I ]) and ([67 | into (fÄ^2ll we obtain an inequality for (Rb/rb). Unfortunately, it is very 
cumbersome, so we omit it here. However, it can be solved numerically for any given value of n and < e < 1. Then, 
using the allowed values of (Rb/rb) in (f67|) we obtain the ränge of 4> g . Here we present the Solution for n = 0, 1, 2 
and some selected value^l of e, viz., 



e = (0.90, 0.80, 0.75, 0.60). 



(69) 



We also present the redshift of the light emitted from the boundary surface Zb = Z(Rb) = l/\/.9oo(i?fc) — 1, which in 
the present case is given by 

' R \ e{n+l)/(e-\) 

rb 



Z h = 



1. 



(70) 



• For n = 0, which corresponds to spherical symmetry in ordinary three Space, the boundary conditions are 
satisfied for 



D 

(0.882, 0.746, 0.669, 0.383) < — < 1 

Tb 



< (f> g < (0.469, 0.508, 0.538, 0.777). 



(71) 



It is important to note that the upper values of 4> g give the Buchdahl's limit for a star of uniform density (See 
equation (83) in [22]). Using (JBSJ and dTÖJ) we find 

9oa{Rb) > (0.104, 0.096, 0.090, 0.056), => Z b < (2.096,2.229,2.340,3.219). 
• For n = 1, and the same values selected in (|69[) . we get 



(0.962, 0.915, 0.887, 0.778) < — < 1 

n 



< <t> g < (0.383, 0.397, 0.407, 0.455), 



(72) 



and 



^We emphasize that for e > 1 the boundary conditions do not admit Solutions in the realm of positive real numbers. 
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Z b < (1.008, 1.035, 1.053, 1.124). 



< 4> g < (0.326, 0.329, 0.334, 0.356), (73) 



goo{Rb) > (0.355, 0.357, 0.354, 0.343) => Z b < (0.679,0.673,0.680,0.707). 

The above calculations show how Buchdahl's limit depends on n and e: (i) For a fixed n, the upper limit of <p g 
increases as we go away from the Schwarzschild vacuum exterior, i.e., with the increase of (1 — e); (ii) For a fixed e, 
the upper limit of <p g decreases with the increase of n, which implies that the effects of gravity are stronger in 4D 
than in any other number of dimensions. 

5 Summary and concluding remarks 

The main question under investigation here has been how a possible deviation from the Schwarzschild vacuum exterior 
can affect the compactness of spherical stars in equilibrium. We have discussed this question within the context of 
Kaluza-Klein gravity, by using a general class of Ricci-flat metrics in D = (4 + n + m)-dimensions, namely ([B])-©, 
which generalize a number of Solutions in the literature . 

Following a Standard technique, based on the assumption that the gravitational action has the Standard form (|42[) 
in any number of dimensions, we have reduced the m external dimensions. We have seen that the reduction procedurc 
flattens out the rieh diversity of higher-dimensional Solutions. The effective metrics in (4 + n) constitute a one- 
parameter family of asymptotically-flat metrics given by (|47[) , which contain Schwarzschild- Tangherlini's spacetimes 
in (4 + n) dimensions for e = 1 (m = 0, a = 0). For any other value of e the effective spacetime is not Ricci-flat 
because Rn ^ 0, while all the other components of the Ricci tensor vanish identically (|5Ü|) . The fact that Rq = 
implies that the effective (or geometrical) matter in (4 + n) satisfies the equation of State p + p r + (n + 2)p±_ = 0, 
which generalizes to n dimensions the well-known equation of State (p + 3p) = for nongravitating matter in 4D 
(gravitational or Tolman-Wittaker mass is proportional to Rq). Thus, for any value of e, the effective spacetime is 
similar to Schwarzschild vacuum in the sense that it has no effect on gravitational interactions. Consequently, we 
can interpret it as describing the gravitational field outside of a spherical star. 

To put the discussion in perspective, let us notice that in the Randall & Sundrum braneworld scenario the coneept 
of empty space requires only the vanishing of the Ricci scalar, while the components of the Ricci tensor are unknown 
without specifying the metric in the bulk (See, e.g., [24]). Here the Situation is much more restricted because only 
R\ is allowed to be different from zero. The crucial point is that Kaluza-Klein and Braneworld theories are alike in 
one important aspect: the effective vacuum spacetime outside of an isolated star does not have to be Ricci-flat, as 
in conventional 4D general relativity. 

The line element (j47j) provides the Kaluza-Klein corrections to the Minkowski metric at large distances from any 
System of bodies ([52]) . which could serve in astrophysical observations to detect possible deviations from general 
relativity. Also, it allowed us to study the question under consideration. Namely, using the Standard matching 
conditions, i.e. the continuity of the first and second fundamental forms across the boundary, as well as the generalized 
Buchdahl's inequality (|A-21I) . we have obtained the compactness limit for various values of e and n, for any perfect 
fluid star with a mass density which does not increase outward. 

Our analysis shows that in Kaluza-Klein gravity the compactness limit of a star can be larger than 1/2, without 
being a black hole: the general-relativistic upper limit M/R < 4/9 is increased as we go away from the Schwarzschild 
vacuum exterior. Our results are consistent with our previous findings in [22], [25]- They show that, as in general 
relativity, the compactness limit can be saturated in the case of stars with uniform proper density from the condition 
that the isotropic pressure does not become infinity at the centcr. 



goo(Rb) > (0.248, 0.241, 0.237, 0.222) 
• For n — 2, under the same conditions, we find 

(0.981, 0.958, 0.944, 0.888) < — < 1 = 

n 



and 
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It should be noted that, for any n, the boundary conditions require < s < 1, otherwise they have no real 
Solutions. From (14"4"|) it follows that e — > as k — > rn/(n + 2), which according to (fTÖj) corresponds to the maximum 
value of er. In the other extreme, for e = 1 we recover the Schwarzschild- Tangherlini spacetimes. From a physical 
point of view < e < 1 ensures the positivity of the effective energy density (|48ß . 

Our approach allowed us to determine some similarities and differences between spacetimes with different number 
of internal dimensions: (i) Regardless of e, they satisfy similar equations, viz., (|49|) . ([50]) : (ii) The corrections to 
Minkowski metric (f52j) manifestly depend on n; (iii) the effects of gravity decrease with the increase of n. 



Appendix A: Buchdahl's inequalities in D-dimensions 



In this appendix, following our previous work [28] we show how Buchdahl's inequalities can be extended to any 
number of internal dimensions. We start with the Einstein field equations in D dimensions, 



Rai 



SttG 



Tai 



1 



D - 2 



9 AßT 



(A-l) 



where G, Tab, and T represent: the gravitational constant; the energy momentum tensor in D-dimensions; and its 
trace respectively. In what follows we set G = 1. 

We will consider the D-dimensional spherically Symmetrie metric, given by 



ds 2 = e^dt 2 - e x ^dR 2 - R 2 dn (2+n) , 

where dil^+n) is the line element on a unit (n + 2) sphere; n = D — 4. 

Now, let us assume that the D-dimensional energy-momentum tensor has the form 



(A-2) 



Tf = diag(p, -p, -p, -p), (A-3) 
where p is the energy density and p is the isotropic pressure. With this choice the field equations (IA-1[) reduce to 



-HR) 



1 ( ^ 

R \dR 

1 (du 
R \dR 



n + r 


n + 1 


16np 


R 2 


+ R 2 


n + 2 ' 


n + l~ 


n + 1 


16np 


R 2 


R 2 


n + 2' 



(A-4) 
(A-5) 



\d 2 v 1 / duy 1 (d\\ (dv 



1 

2R 



(n+1) 



. fdX 
1] IdR 



dv 
dR 



n+1 r 



- 1 



= 0. 



We note that the density and pressure satisfy the relation 

dp _ (p + p) dv 



dR 



dR 1 



(A- 



(A-7) 



which is equivalent to the conservation equation T B A . B = 0. 

The isotropy condition given by (|A-6[) takes a remarkable simple form with the introduetion of the following 
notation (63] 



— A i _ 2m(fl) 

R n+1 



and 



= Z, e^)=r 2 , R 2 = 



dx' 



o ^/W) 



(A-8) 
(A-9) 
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Indeed, (|A-6I) reduces to 

n d 2 Y , . ,, et / m \ 
The funetion m(R) can be obtained from the integration of (|A-4|) . viz., 



m(R) 



p(R)R n+2 dR, 



n + 2 J 

where the constant of integration has been set equal to zero to remove singularities at the origin. Thus, 

d f m \ 8irp(R) (n + 3)m(R) 



a f m \ ö7t 
dR Vi?"+ 3 / = (n~ 



(n + 2)R R n + 4 

Now, following Buchdahl we assume that the energy density is positive and does not increase outward, i.e., 



^<0. 
dR ~ 



(A-10) 



(A-ll) 



(A-12) 



(A-13) 



This implies that p{R) > p{R) in (|A-11[) . Consequently, 



m{R) > 



%nR n+i p{R) 
(n + 2)(n + 3)' 



Substituting into (|A-12|) we find 



d ( m \ 



dR 



(A-14) 



We note that the quantity m/R n+3 can be identified with the mean density of the fluid sphere in D dimensions. 
Now Eq. (|A-10I) gives 



d 2 Y 
du 2 



< 0, 



which means that dY/du decreases monotonically. This in turn implies 

dY < Y(u) - Y(0) 
du ~ u 

Since both Y(0) and u are non-negative, it follows that 

du u 



In terms of the original variables this equation reads 



2 m {R)\ 1/2 dv 

1_ ^+rJ dR~ 2R 



'*' ' 2m{R)\ 



R 1 



-1/2 



R 



n+l J 



dR 



(A-15) 



(A-16) 



(A-17) 



(A-18) 



Using the fact that the average density decreases outward (|A-14j) . we can evaluate the integral in (|A-18j) as follows 



-1/2 



- Jo V R n+3 



-1/2 

1 ] dR 



R n+3 

2m(R) 



1-1- 



2m(R) 



1/2 



(A-19) 
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On the other hand, using (IA-5|) and (| A-8|) . (dv/dR) can be expressed as 

dv _ 2 [(n + 2)(n + l)m(i?)/i?™ +1 + 87rpi? 2 ] 
Zß ~~ [n + 2) (1 - 2m(R)/R n + 1 ) R 

Now, substituting (|A-19j) and (|A-20j) into (|A-18j) we obtain 



(A-20) 



{n + 2)(n+l)m{R)/R 



n+l 



(n + 2)(l-^) 



1/2 



87rpi? 2 2m(i?) 



1-1- 



2m(R) 



1/2 



-i -1 



(A-21) 



Evaluating this expression at the outer surface of a static spherical star, and using the Standard matching conditions, 
i.e. the continuity of the first and second fundamental forms across the boundary, we obtain the compactness limit 
of a such star for any given exterior spacetime. In particular, for the Schwarzschild exterior, (| A-21)) leads to the 
well-known upper mass limit M/Rt < 4/9. 
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